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INTRODUCTION

Abstract: In this paper we, contribute the notation of natural
epimorphism of a semilattice on the quotient semilattice and
subsemilattice. If S is distributive semilattice and F is a filter
of S, then we demonstrate that 6F is the smallest congruence
on S containing F in a single equivalence class and that S/6F is
distributive. In addition, the author proved that map F#0F is an
isomorphism from the lattice of FO(S) all non-empty filters of S
into a permutable sublattice of the lattice C(S) of all congruencies
onS.

Keywords: Congruence class of semilattice, Distributive
Semilattice, Natural epimorphism of semilattice, Quotient
semilattice.

Resumen: En este trabajo contribuimos con la notacién del
epimorfismo natural de una semirredura sobre el cociente
semirreticulado y subsemreticulo. Si S es una semirrejilla
distributivayF esun filtro de S, entonces demostramos que 6F esla
congruencia mas pequefia en S que contiene F en una sola clase de
equivalenciay que S/0F es distributiva. Ademas, el autor demostré
que el mapa FI#F es un isomorfismo de la red FO(S) de todos los
filtros no vacios de S en una subred permutable de la red C(S) de
todas las congruencias en S.

clave: clase de semirredura,

Palabras

Semirreticulo distributivo, Epimorfismo natural de semirreduras,

congruencia de

Cociente de semirreduras.

In [14] (Klein Barmen 1939) introduced the concept of semilattice [13].
A semilattice is a partially ordered set in which any two elements have a

greatest lower bound, but not necessarily upper bound. The class of distributive

semilattices is a significant subclass of semilattices. Then, several authors were
studied the class of distributive semilattices. The author refer the reader to [1],
(2], [3], [4]), [7],[9]), [11], [17], [18], [19], and [21] for distributive semilattices.
The concept of 0-distributive semilattices is another important extension of the
class of distributive semilattices. In [19] (J.C.Varlet 1968) first introduced the
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concept of 0-distributive lattices. Then many authors including [3], [6], [10],
[15],[16],and [20] studied concept of 0-distributive for lattices and semilattices.

Let S be a semilattice. A non-empty subset L of S is called directed above if,
for any a,b # L there exists ¢ # L such thata < cand b < c. L is said to be a final
segment if, for any a L and x # S, a < x implies x # L. In addition, a non-empty
subset L is called directed below if, for any, a,b # L, there exists ¢ # L such that c
<aandc <b. Lis called an initial segment if, foranya# Iand x # S, x < a implies
x # L. Following this concept, many authors developed the concept of filters and
ideals of semilattice. The we refer the readers to [7], [16], [17], and [18].

Let S and L be semilattices. A map f: S > L is said to be a homomorphism, if f
is join preserving and meet preserving, that is, for all a,b # S.

flavb)= f(a)vf(b)and f(a Ab)= f(a) A f(b)

A bijective homomorphism is a semilattice isomorphism [22]. If f: L > K is
a one-to-one homomorphism, then the sub-semilattice of (S} L is isomorphic
to S and we refer to f as an embedding (of S into L). In [18] (Swamy 1979)
introduced the class of natural epimorphism of a semilattice on the quotient
semilattice, and he denoted the natural epimorphism of semilattice S on the

quotient semilatticeby S/8F by wF. For any sub-semilattice L of a semilattice S,
define

0 ={(z, y)€ Sz : z'a=y'a for somea € L}

After (Swamy 1979) nobody gives attention to the concept of congruence
classes on the distributive semilattice as far as we investigate it. Therefore, by
following this, we consider and demonstrate that; map F#0F is an isomorphism
from the lattice FO(S) of the class of all non-empty filters of S into a permutable
sublattice of the lattice C(S) of the classes of all congruencies on S. In addition, we
prove that 6F is the smallest congruence on S containing F in a single equivalence
class and that S/6L is distributive.

The manuscript is structured as follows. In this section, we introduced the
background of semilattice with basic results about semilattices which are already
exists and needed in developing this manuscript. In Section 2, we introduced the
concepts of distributive semilattices. Some important Theorems and Corollaries
in distributive semilattices and pseudo-complemented semilattice were also
presented in this section. In section 3, we will prove the theorems belonging to
classes of congruence in distributive semilattice.

PRELIMINARIES

In this section, the author will present some necessary notations and definitions.
Definition: 2.1. [2] Let S be a semilattice. A non-empty subset F of S is called
a fileer if;
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(i)  a,bec Fimpliesa Ab € F and
i) acF,beSwitha <bimpliesb € F

Definition: 2.2. [3] A non-empty subset I of S is called an ideal if;

() Foranya,be I thereexist¢ € [suchthata <, b < cand

W) o€LbeSWihb<ampheshe ]

A filter (ideal) F of a semilattice S is called a proper filter (ideal) if # S. A
maximal filter (ideal) F of S is a proper filter (ideal), which is not contained in
any other proper filter (ideal), that is, if there is a proper filter (ideal) G such that
F # G, then F = G. (see [4])

Let F(S) and I(S) denotes the set of all filters of S and the set of all ideals of S
respectively. Then, for any a # S, let (a] denote the ideal

{x#S:x < a}and [a) denotes the filter

{x#S:a<x} (see[l1])

Definition: 2.3. [S] A semilattice S is said to be distributive if, for any a,b,c #
S,such thata Ab < ¢, there existx, y # Ssuch thata< x,b<y,andxAy=c

Lemma 2.4. [4] If S is a distributive semilattice, S is directed above.

Proof. Suppose S be a distributive semilattice, then foranyab#S,a Ab#S
anda A b < b. There exists x,y # Ssuch thata<x,b<y,andx Ay=b. Alsob =x
Ay < x.Therefore, forany a,b # S, there exists x # S such thata < xand b < x.

Hence S is directed above.

Theorem 2.5. [6] Let I be an ideal of S and J a filter of S such that I N J = .
Then, I N J is a distributive sub-semilattice of S.

Proof. Suppose I be an ideal of S and J a filter of S such thatI N J = @. Let
a,b#1 N J,thena Ab#L Since I is the initial segment, there exist ¢ J # such
thatc<aandb<c.

This implies c < a Aband a A b # ] since J is the final segment. Therefore I N
J is a sub-semilattice of S.

Letab,c#1I N Jsuch thata Ab < c. There exists x,y # S such thata<x,b <y,
andx Ay =c.Sincelisan ideal of S, there existz# I such thata<z,b<zandc<z.

Nowc=cAz=(xAz)A(yAz),a<sxAz#I N JandbsyAz#IN]J.
Therefore I N J is distributive sub-semilattice.

Definition 2.6. [19] A semilattice S with 0 is called 0 - distributive if for any
a,b,c# Ssuch thataAb=0=aA cimpliesa Ad =0 forsomed = b,c.

Proposition 2.7.[16] Let S be distributive semilattice. Let I be an ideal of S and
Jafilter of S such that I N J# @ then, I N Jis a distributive sub-semilattice of S.

Proof: Suppose that I is an ideal of S and J is a filter of S such thatI N J = @.
Letab#1 N J,thena Ab#L Since Lis the initial segment, there exist ¢ # J such
thatc<aandb<c. Hencec <aAbandaAb#]J,since ] is the final segment. Thus
I N Jis a sub-semilattice of S. Let a,b, and ¢ # I N J such that a A b < c. There
existsxand y # S such thata < x,b < yand x A y = c. Since L is an ideal of S, there
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exist z # I such that a<z,b<z, and c<z. Thenwe havec=cAz=(xAz) A (y A
z),a<xAz#1 N Jandb<yAz#I N J.Hencel N Jisdistributive.
Theorem 2.8. [18] Let (S, A, V) be a lattice. Then the following are equivalent:

1. (S, A, V) is a distributive lattice.
2. (S, A) is a distributive meet semilattice.
3. (S,V) is a distributive join semilattice.

Corollary 2.9. [18] Every non-empty ideal (filter) of S is a distributive sub-
semilattice of S.

Proof: Suppose that I is a non-empty ideal of S. Let a,b # I such thata Ab < c.
There exist x,y # S such thata < xand b < y, and c=cAy as S is distributive. There
exist z # I such that a<z, b<z and c<z as Lis an ideal of S.

Now.c=cAz=(xAy)Az=(xAz) A(yAz)#I

Hence I is distributive.

Similarly, suppose that J is a nonempty filter of S. For any a,b # J, there exist
c # ] such that c< aand

c<b=>c<anb=>aAnb eJ

as ] is the final segment. Then, ] is a sub-semilattice of S. Let a,b,c # J such that
aAb<c, thereexistx,y# Ssuchthata<x,b<y,andxAy=c

Now as a,b and ¢ #], then x,y # J. Hence xAy=c#].

Therefore J is distributive.

Theorem 2.9. Let I be an ideal of S and L is a sub-semilattice of S such that I
N L =, then, there exists a prime ideal P of S such that ICPand P N L= Q.

Proof: Suppose that T ={x#S : a < x for some a#L}. Then T is the filter of S and
T N 1= and by Zorn’s lemma, there exists a filter F of S which is maximal among
all filters containing L, and disjoint from I. Now I C S - F and (S-F) N L=0.

Let us prove F is a prime filter. Let x,y # S- F, then by maximalist of F there
exists

acInN(Fv|z)) and b € I N(FV]y))
There exist ¢ # [ such thata < candb < ¢
= c € INFVR)N(PV]z))=In(FV(z)N[y) = [2)N [y ¢ F

Therefore F is a prime filter of S.

Theorem 2.10. [21] Every maximal ideal (filter) of S is prime.

Proof: Let S be distributive semilattice and Q is a maximal filter of S. Then S-Q
is minimal ideal. Then there exist a prime ideal I such that S-Q#I thenQ N [=O

Let x,y#Q, then x,y # S-Q. Then there exist a# I N (Q A[x)) andb#1 N (Q
Aly)).

This implies there exist ¢ # [ such that a< ¢ and b< ¢, since I directed above.

Hence
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e € 1n(QV[z)) n(Q V) )=1n(QV (w) ) 2lo)ly) £.Q

Therefore Q is a prime filter of S. Hence the result.

Theorem 2.11. [17] Let S be a semilattice. S has a largest element if and only if
the intersection of all nonempty filters is again non-empty.

Proof: Suppose that S has, a largest element says t, then t # NF#F (s) F.
Conversely suppose that the intersection of all nonempty filters (ideals) is again
non-empty, by proposition 2.3, S has a Largest (smallest) element.

Lemma 2.12. [17] Let P C S. Then P is a prime filter of S if and only if S - P
is a prime ideal.

Proof: Suppose P is a prime filter of S, it is non-empty and proper. To show
S-P is directed above, let a,b#S-P. Suppose if possible [a) N [b) N S-P=0, then
[a) N [b) #P. This implies [a)#P or [b)#P. Since P is prime thena# S - P or b #
S - P. This is a contradiction. Therefore ([a) N [b)) NS-P= @

So S -Pisanideal. To show that S - P is prime, suppose

aADES-P=arb¢P= adPorbeP

Hencea#S-Porb#S-P.

Conversely, suppose S - P be a prime ideal, then S- P = @, S. So that P = O, S.
Since S - P is directed above, and then P is directed below. If a,b # P then a,b # S
-P.Since S-Pisprime,a Ab#S-P. Thusa Ab# P, and so P is a filter.

Now, to show that P is a prime filter, we suppose if possible Q N R#P and

QCP,RIP=QNS-P#0
and R N S-P=0, then there existsa# Q N S-Pand
beRn§-Pades-P
with
0,0<e=eePNS-P

This is a contradiction.

Therefore
Q CPor RCP=P

is prime.
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Definition 3.1. Let S be a semilattice. A homomorphism between two meet
semilattices Sand T isamap f: S > T with the property that f (a Ab) = (a) A f(b),
where a,b # S. A semilattice homomorphism is called semilattice isomorphism
Theorem 3.2. Let S be any semilattice, which is directed above. Then S is
distributive if and only if S/61 is distributive for every subsemilattice L of S.
Proof: Suppose S be a distributive semilattice and L a subsemilattice of S. Let
x,y,z # S such that

Ty, (I)f\?TL (y)‘f_: T (3):?* da € L
suchthatx AyAa=xAyAzAa.
>z Aa)MyAa)<z=dbeceS

suchthatx Aa<b,yAa<candbAc=z

Now, 7L (x A a) < wL (b), 7L (y A a) < 7L (¢) and L (b) A =L (c) = =L (z).
Therefore S/0l is distributive for every subsemilattice L of S.

Conversely, let a,b,and ¢ # S such that aAb<c. Choose d # S such that a,b, and
c # (d] and put L = (d]. Since S/61 is distributive, there exists ¢, f # S suth that
nL (a) < 7L (e), nL (b) < #L (f) and 7L () A =L (f) = nL (c) x,y and z # F such
thate AfAx=cAx,eAaAy=aAyandfAbAz=D>bAzwhich implies
thate Af Ax=c eAa=aand f A b =Db. Therefore and (e A x) A (f A x)=c.
Hence, S is distributive.

Theorem 3.3. Let L be a sub-semilattice of S. If ] is an ideal of /61, I ={x # S :
nL (x) #J} is an ideal of S. Then J is a proper ideal of S/6lif and only if I N L=0.

Also, if P is a prime ideal of S such that P N L= then Q ={=L (x) # S/0l: x
# P}is a prime ideal of S/61.

Proof: Let ] be an ideal of S/6l, and I ={x # S: nL (x) # J}, leta # I, b # S such
that b < a. Then b A x < a for some

1€l (b): TFL(JB A b)§ T (a):> T (b)E J

and hence b # I. Therefore L is an initial segment of S. If 7L (a) and ©L (b) # J;
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= Jc e § such that mp(c)e J, 7 (a)< mr(c) and mp(b)< mp(c)
>z, y € Lsuch thataAchz=aAzandbAchy=bAy

Sahehzhy=ahzAyandbAeAzAy=DbAzAy
»ddeS, such that a <d, b<danddhchzhy=drzry

> 71(d) < m(c) and hence d € I.

Therefore J is an ideal. Ifa # I N L, then for any x # S, 7L (x) = 7L (x A a)
thus S/6l =].

Conversely if /61 = J, then for any x # L, nL(x) # J and therefore I N L=0.
Also, let P be a prime ideal of S such that P N L=0, then Q is proper ideal of
S/6land let 7L (a) A L (b) # Q, nL (a A b) # Q. Then a A b # P and since P is
primea#Porb#P.

Hence 7L (a) # Q or 7L (b) # Q. Therefore Q is prime.

Theorem 3.4. Let L and M be sub-semilattices of S such that L C M and let f:
S/6l > S/6M if and only if I N L=0. be the epimorphism defined by f (7L (x))
= m(x),

If fis injection, then P N =@ implies P N M=0, for any prime ideal P of S.

Proof: Suppose P be a prime ideal S of such that P N [.=@ then by Theorem 3.2
above, {nL (x) # S/61} is a prime ideal of S/6l and hence {=M (x) # S/6M: x # P}
is a prime ideal of S/6M, so that P N M=0.

Theorem: 3.5. Let F be a filter of S, then the following are equivalent:

1. Fisa prime filter
2. F={nF (x):x#S-F}isanideal of S/6F
3. S/0F has a unique maximal ideal.

Proof: (i) -> (ii) Suppose that F is a prime filter, then S - F is a prime ideal.
Let nF (x) # I and =F (y) # S/OF such that nF (y) < #F (x)

= Ja € F such that yAa=zAyha=yha<z

= p(y)=Tp(y A o)< 7p(z)= mp(y)< 7p(a).

Therefore I is an initial segment. Let 7F(x), 7F(y) #I this implies x,;y # S - F.
Then there existz# S - F such thatx < zandy < z.
Again, there existsa # F such thatx Aa=xAaAzandyAa=yAaAz
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szAha<zandyha<z

= mp(z)=mp(z A a)< 7p(2) and Tp(y)= Tp(y A @) < Tp(2)

J

Al
|.’|"”|

7p(z)< 7F(2) end 7p(y)< wF(2).

Therefore I = {nF (x) : x # S - F} is an ideal of S/6F. Hence the result.

(ii) -> (iii): For any a # F, nF (a) is the greatest element of S/6F. Hence, every
ideal of S/OF is contained in {nF (x) : x # S - P}.

Therefore S/0F has a unique maximal.

(iii)-> (i): Let G be the unique maximal ideal of S/6F and let xand y # S - F.
Since the principal ideals of S/6F generated by 7F (x) and nF (y) are proper, and
it follows that 7F (x) and =F (y) # G. Then, there exist ©F (z) # G such that 7F
(x) < wF (z) and 7F (y) < 7F (z). This impliesx AzAa=xAaandyAzAa=
y Aaforsomea#F.

Then, there exist b # S such that x< b, y< band

bAzANa=bNa=beES—-F

, and thus S-F is a prime ideal. Henceforth F is prime filter.

Theorem 3.6. Let F be a filter of S. Then F is a maximal filter if and only if S/
OF is the two-element chain.

Proof: Suppose F is a maximal filter, then for any x, and y # F, 7F (x) = nF (y)
and foranyx # Fand y # S, nF (x) = nF (y) implies y # F.

Now, let x and y # S-F, Since F is maximal, there exist a,b # F, such thata A x
<yandb Ay < x. Hence nF (x) = nF (a A x) < nF (y) = nF (b Ay) < =F (x).

Therefore nF (x) = =F (y).

Conversely, suppose that S/6F is the two-element chain. Suppose x, and y # S-
F. Choose an element z # F, such that nF (z) # nF (x). Hence =F (x) = =F (y).
Then there exista# F such thatx Aa=yAaandy#FV [x).

Therefore, foranyx # F, F V [x) = S. Thus F is maximal. Hence the result.

Theorem 3.7. The map F#0F is an isomorphism from the lattice FO(S) of all
non-empty filters S of into a permutable sublattice of the lattice C(S) of all
congruencies on S. Hence {6F : F # FO (S)}is a distributive and permutable sub
lattice of C(S).

Proof: Suppose I and J are any filters of S. Then 0 i N JC6i N 6jand let (xy)
#0i N 0), thereexista#,b#Jsuchthatx Aa=yAaandx Ab=yAb.

Ssuchthata <e, b<candzAc=yAc

Now since ¢ # I N J, then (x;y) # 0 iNJ. Hence F#6F is a lattice
homomorphism.

Also let us consider I, J # FO(S) and 6i C 6j. Let x # I, choose y # J then there
exist z # I such thatx< zand y< z.
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Now (x,y) # 61 C §jand since z # ], we have x # ]. There I CJ fore and hence F#6F
is a lattice isomorphism of FO(S) onto the sub lattice {6F : F # FO (S)} of C(S).

Note that the lattice C(S) of all congruencies on a semilattice S need not be
distributive, even when S is distributive. Hence the result.

Example 3.7. Let
S =z U{0,a,b}

, with partial order given by 0 <a < n, 0 < b < n, for all andwhen everis positive
for

nez

and m<n when ever m-n is positive for all

m, n <z

Then S becomes distributive semilattice, with aAb=glb{a,b} # a,b # S

CONCLUSION

In general, we introduced the notation of natural epimorphism of a semilattice
on the quotient semilattice. Let L and M be sub-semilattices of S such that LC M
and let f: S/61 > S/6m be the epimorphism defined by f (L (x)) = 7M (x). Also,
we can conclude that if f is injection map, then P N =0 implies , P N M=0 for any
prime ideal P of S. Additionally, for a distributive semilattice S, let F be a filter
of S, then 6F is the smallest congruence on S containing F in a single equivalence
class and that S/6f is distributive. Similarly, map F#0F is an isomorphism from
the lattice FO(S) of all non-empty filters of into a permutable sublattice of S the
lattice C(S) of all congruencies on S.
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